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In the two-qubit system under the local depolarizing channels, the most robust and the most 
fragile states for a given concurrence or negativity are derived. For the one-sided channel, with the 
aid of the evolution equation for entanglement given by Konrad et al. [Nat. Phys. 4, 99 (2008)], the 
pure states are proved to be the most robust. Based on a generalization of the evolution equation, 
we classify the ansatz states in our investigation by the amount of robustness, and consequently 
derive the most fragile states. For the two-sided channel, the pure states are proved to be the most 
robust for a fixed concurrence, but is the most fragile with a given negativity when the channel is 
uniform. Under the uniform channel, for a given negativity, the most robust states are the ones 
with the maximal concurrence, which are also the most fragile states when the concurrence is given 
in the region of [1/2, 1]. When the entanglement approaches zero, the most fragile states for a given 
negativity become the pure states, but the ones for concurrence turn into a mixture of two separable 
pure states. 

PACS numbers: 03.67.Mn,03.65.Ud,03.65.Yz 



I. INTRODUCTION 

Quantum coherent superposition makes quantum in- 
formation conceptually more powerful than classical in- 
formation, which is the essential distinction between a 
quantum system and a classical one. Entanglement is 
a manifestation of the distinction in composite systems 
[1] and is one of the key resources in the field of quan- 
tum information science [2]. However, the unavoidable 
couplings between a real quantum system and its envi- 
ronment can lead to the decoherence phenomenon. Si- 
multaneously, the entanglement between the subsystems 
is usually destroyed. 

Because of the importance both in the fundamental 
theory and the application in quantum information, the 
dynamics of entanglement in a quantum system under 
decoherence has attracted wide attention in recent years. 
Many significant and interesting results have been re- 
ported. For instance, the concept of sudden death of en- 
tanglement (BSD) has been presented by Yu and Eberly 
[3, 4], which means that the entanglement can decay to 
zero abruptly in a finite time while complete decoherence 
requires an infinite amount of time. This interesting phe- 
nomenon has been recently observed in two sophistically 
designed experiments with photonic qubits [5] and atomic 
band [6]. In [7], by utilizing the Jamiolkowski isomor- 
phism, Konrad et al. presented a factorization law for a 
two qubit system, which described the evolution of en- 
tanglement in a simple and general way. This result has 
been extended in many directions [8-11]. 

This paper is concerned about the topic of the robust- 
ness of entanglement, when a quantum system interac- 
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tion with a noise environment. Vidal and Tarrach [12] 
introduced the robustness of entanglement as a measure 
of entanglement, corresponding to the minimal amount 
of mixing with separable states which washed out all en- 
tanglement. Subsequently, Simon and Kempe [13] con- 
sidered the critical amount of depolarization, where the 
entanglement vanishes, as a quantitative signature of the 
robustness of the entanglement, when they studied the 
robustness of multi-party entanglement under local deco- 
herence, modeled by partially depolarizing channels act- 
ing independently on each subsystem. This definition 
was adopted in the recent work [14], in which an inter- 
esting residual effect was pointed out, on the robustness 
of a three-qubit system in an arbitrary superposition of 
Greenberger-Horne-Zeilinger state and W state. 

We notice that, even in the two-qubit system, there are 
still some questions about the robustness to explore. For 
instance, the results of [14] show the robustness increases 
synchronously with the degree of entanglement for a two- 
qubit pure state. Obviously, it should be very hard to 
extend this conclusion to the mixed states, because the 
measurements of entanglement for the mixed states are 
not unique [15-17], which would infiuence the robust- 
ness jointly . Then, a question arises: For a given value 
of entanglement under a measurement, which states are 
the most robust and which are the most fragile? Since, 
generally speaking, the value of entanglement in a two- 
qubit system correlated positively with the resource of 
the preparation [15, 16] and its capacity in quantum in- 
formation [18, 19], the entanglement is expected to be 
stable under the same conditions. Many similar inves- 
tigations have been reported for about ten years. For 
example, the famous maximally entangled mixed states 
[20, 21] can be considered to be the most residual entan- 
glement under a global noise channel. In [22], Yu and 
Eberly studied the robustness and fragility of entangle- 
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ment in some exactly solvable dephasing models. In the 
recent work of Novotny et al. [23] , they present a general 
and analytically solvable decoherence model without any 
weak-coupling or Markovian assumption, and distinguish 
the robust and fragile states in the model. 

In the present work, we investigate the two-qubit sys- 
tem under local depolarizing channels which is invariant 
under local unitary operations, and focus on the most 
robust entangled states (MRES) and the most fragile en- 
tangled states (MFES) for a given amount of initial en- 
tanglement. The model in [13] and [14] is generalized to 
the nonuniform case in our study. Namely, the strength 
of the coupling of the two qubits with its environment 
are different. This generalization is more close to some 
practical cases , in which the entangled two qubits un- 
dergo different environment. Two measurements of the 
degree of entanglement, the concurrence [15, 16] and the 
negativity [17], are adopted for comparison. In Sec. II, 
we review the definitions and introduce some notations 
in this paper. Considering its relation with the evolution 
equation for quantum entanglement in [7] , we selectively 
give the result of the one-sided channel in Sec. Ill, which 
is an extreme case of the nonuniform channels. In Sec. 
IV, the uniform and nonuniform channels are studied to- 
gether. Conclusion and discussion are made in the last 
section. 



II. NOTATIONS AND DEFINITIONS 

A. Channels and robustness 

Under local decoherence channels, without the interac- 
tion between the two qubits, the dynamics of ciach qubit 
is governed by a master equation which depends on its 
own environment [24]. The evolution of each reduced 
density matrices is described by a completely positive 
trace-preserving map: pi{t) = £,(t)pj(0), i = 1,2, and 
for the whole state p{t) = ei{t) ^e2{t)p{0). In the Born- 
Markov approximation these maps (or channels) can be 
described using its Kraus representation 

M 

ei{t)pM = Y,E,.pME]i (1) 

3=0 

where Eji satisfying X^^g^ EjiE^^ = I, are the Kraus 
operators, M being the number of operators needed to 
completely characterize the channel. For the depolarizing 
channels, the Kraus operators are 



Eoi = -V3sj + 1/j, Eji = -Vl - siaji, (2) 

where aji, {j = 1,2,3) is the jth Pauli matrices for 
the ith qubit. We consider the noise parameter Sj = 
exp(— Kjt), where is the decay constant determined by 
the strength of the interaction of the zth qubit with its 
environment and t is the interaction time [25]. In the 



Bloch sphere representation for the qubit density opera- 
tor, the transformation in Eqs. (1) and (2) is given by 
Pi{t) = + Sifi ■ ai) with fi being the the initial Bloch 
vector. 

For simplicity but without loss of generality, we choose 
the decay constants ki = 1 -I- A and K2 = 1 — A, with 
the uniform parameters A e [0,1]. Then, the noise pa- 
rameters can be written as si = s^+^ and S2 = s^~^, 
where s = e~*. Here, we introduce the measurement of 
the robustness for a state p under a nonuniform channel 
as 

TZ{p) = 1 - Scritip), (3) 

where Scrit{p) denotes the critical value of the noise pa- 
rameter s, at which occurs the ESD of the two-qubit 
system with the initial state p. When A = 0, it returns 
the definition in [13] and [14]. 



B. Measurements of entanglement 

The concurrence of a pure two-qubit state [ip) = 
CijOO) -t- C2IOI) + cajlO) + C4|ll) is given by C{\^)) = 
2|ciC4 — C2C3I. For a mixed state, the concurrence is de- 
fined as the average concurrence of the pure states of 
the decomposition, minimized over all decompositions of 
P = Ejl'jlV'j)(V'j|, 

C{p) = mmJ2P3m3))- (4) 
3 

It can be expressed explicitly as [15, 16] C{p) = 
max{0, \/Xi — \/X2 — •v/As — v'A^}, in which Ai, A4 arc 
the eigenvalues of the operator R = p{(Jy®(Jy)p*{(Jy®(Jy) 
in decreasing order and (jy is the second Pauli matrix. 

For a bipartite system described by the density matrix 
p, the negativity is defined as [17, 26] 

M{p)=2Y,\\3\, (5) 

i 

where Xj are the negative eigenvalues of p^^ and T2 de- 
notes the partial transpose with respect to the second 

subsystem. For the two-qubit system, the partial trans- 
pose density matrix p^'^ has at most one negative eigen- 
value [21]. 



C. Ansatz states 

To derive the MRES and MFES for a given value 
of concurrence or negativity, we adopt the approach in 
[20, 21]. Under a given value of the nonuniform parame- 
ter A, we randomly generate two-qubit states and obtain 
their robustness and degree of entanglement by numer- 
ical computation. Plotting them in the corresponding 
robustness-entanglement planes (such as the ones in Fig. 
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1), we fortunately find, for any value of A, their regions 
are always the same as the states 

Pansat.{r,e) = (0)) {^^ {e)\ + (1 - r)|01)(01|, (6) 

where r e [0,1] and |V'(6')) = cos6'|00) +sin6'|ll) with 
e e [0,7r/2]. For each value of A e {0,0.1,0.2,...!}, and 
for both the entanglement measures, this is supported by 
300000 random states. Therefore, the MRES or MFES 
can be represented as the state (6) with a constraint, 
which we will derive in the following sections. We call 
the state (6) the ansatz state in this paper. 

One thing to be mentioned is that. The two extreme 
cases of the states are corresponding to, the pure states 
with the same values of negativity and concurrence when 
r — 1, and the ones with the minimal negativity for a 
given concurrence when 9 — 7r/4, respectively [27]. 
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III. ONE-SIDED NOISY CHANNEL 
A. Robustness vs concurrence 

When A = 1, si = and S2 = 1, the channel reduces 
the one-sided depolarizing channel , in which only the 
first qubit influenced by the environment. The central 
result of [7] is the factorization law for an arbitrary pure 
state lip) under a one-sided noisy channel 

c[($ ® m)m = c[($ ® iM+){^+\]c{m, (7) 

where I'lp'^) = \4>{Tr/A)) and $ denotes an arbitrary 
channel not restricted to a completely positive trace- 
preserving map. An evident corollary is that, the ESD of 
the systems initial from any entangled pure states occur 
at the same time, and consequently their robustness are 
the same. 

An application of (7) in [7] is the inequality for mixed 
states pq, 



C[($ ® I)po] < C[($ ® /)|^+)(^+|]C(po). 



(8) 



From (7) and (8), one can find the fact that, under the 
same one-sided channel, with the same initial concur- 
rence, the ESD of a mixed state comes not later than 
the one of a pure state. Hence, the MRES with a fixed 
concurrence is the pure sates. Under the depolarizing 
channel considered in the present work, we can derive 
the value of robustness 



TImres = Tim) = 1-71' 



(9) 



which is a constant, independent of the concurrence. 

To obtain the MFES, we generalize the factorization 
law (7) in the arbitrary two-qubit states case. Namely, if 
two states satisfy 



FIG. 1: (color online) Plots of the states p{c,p) in the (a) 
robustness-concurrence and (b) robustness-negativity planes 
under one-sided noise channel. The dotted lines correspond 
to the parameter c = 1,0.8,0.6,0.4,0.2 from top to bottom, 
in both (a) and (b). The dashed lines refer to the parameter 
(1) p = tan(0.1 X 7r/2), (2) p = tan(0.2 x tt/2), (3) p = 
tan(0.3 X 7r/2) and (4) p = tan(0.4 x 7r/2). The solid hne is 
the MFES in the two cases. 



with 1/7 = Tr[(/(8)M)po(/«)Mt)] and M = I+a-a, {a € 
[0, 1]), the evolutions of their concurrence are related as 



C[($ ® I)pi]C{po) = C[($ ® /)po]C(pi 



(11) 



We don't give the proof of the above relation, which is 
exactly the same as the process for (7) in [7]. As the case 
of the pure states, we can conclude that the robustness 
of po and pi in (10) have the same value. 

Then, we find the ansatz states (6) can be classi- 
fied by the amount of robustness, with the aid of the 
generalized factorization law (11). Namely, choosing 
Pa = Pansatz{c, 7r/4) and a = (0, 0, (1 - p)/ (1 -|- p)), the 
ansatz states can be written as 

Pansatz 

{r,e) = p{c,p) =7(/®M)po(/«)Mt), (12) 
where the relations between the two pairs parameters are 
r — r cos 29 



1 — r cos 29 



P 



tan9. 



(13) 



The robustness of the ansatz state is only dependent of 
the parameter c in po, which is given by 



7^[p(c,p)] = 1 - 



(14) 



Pi 



j{I (E) M)po{I (g) M'') 



(10) corresponding the result for the pure states in (9) when 
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c = 1. The concurrence can be obtained as 

2 CD 

C[p(c,P)] = ^^|^^^=^sin20. (15) 

In Fig. 1 (a), we plot the ansatz states with some dis- 
crete values of c or p in the robustness-concurrence plane. 
One can find the MFES, with the minimal robustness for 
a given concurrence, achieves the maximal concurrence 
when the value of robustness is fixed. It is easy to de- 
termine the maximal value of concurrence in (15) with a 
fixed c. Then the constraint on the ansatz sates for the 
MFES can be obtained as 

c(l+p2)-2p2 = 0, (16) 

with < p < 1, or equivalently 

2rcos2 6'=l, (17) 

with < < 7r/4 and l/2<r<l. It is interesting that 
the condition leads to the lengthes of the Bloch vectors 
for the two qubit are ri — 2(1 — r) and r2 = 0, which 
reach the maximal difference with a fixed r. 



B. Robustness vs negativity 

It is easily to prove the the fact that, the MRES under 
an arbitrary one-sided noise channel for a given negativ- 
ity are also the pure states, with the aid of the results 
for the concurrence case. Suppose p denotes an arbi- 
trary entangled two-qubit state, \ipi) and \ip2) are two 
pure states, and Af{p) = A/'(|?/'i)) and C{p) = C(|V'2))- 
Two relations can be obtained in the above subsection as 
Tlip) < ^(|'02)) and 7^(|1/'l)) = 7^(|1/'2)), from which we 
deduce the conclusion. 

In Fig. 1 (b), one can notice the region of the ansatz 
states, of course the one of the arbitrary states, in the 
robustness-negativity plane is similar to the one in Fig. 
1 (a) where the entanglement measured by concurrence. 
Thus, to determine the MFES is to find the states p{c,p) 
with the maximal negativity for a fixed c. The negativity 
of the ansatz states is 

Af[pansatz{r,9)] - ^ sin^ 20 + (l-r)2-(l-r).(18) 

Inserting the relations (13), one can find the maximal 
negativity occurs when 

/ 2V2~^(-1 + c)e3/2 + 2c2 
^ " V -8 + 24c - 20c2 -h 5c3 ' ^ ^ 

The corresponding relation of the parameters r and 9 is 
very close to the numerical results for A = 0.99 in Fig. 5 
(a) in the following section. 

In the MFES, when the parameter 9^0, the en- 
tanglement of the entangled composition decreases, its 
proportion r — >■ 1. However, in the MFES for concur- 
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FIG. 2: (color online) The relation between the robust- 
ness and the concurrence of a two-qubit system in a pure 
entangled state. From top to bottom the curves refer to 
A = 1,0.75,0.5,0.25,0. 

rence given in (16) and (17), when — >■ 0, the proportion 
r drops to 1/2, which has the maximal entropy in the 
family of the ansatz states. 



IV. TWO-SIDED NOISY CHANNEL 

We fail in generalizing the relations in (10) and (11) to 
the two-sided channel case. Therefore, we calculate the 
ESD critical condition of the ansatz states directly 

V = 4r2 sin^ 29slsl - [1 + {1 ~ 2r)siS2]^ 

+ [rcos20(si - S2) + (1 - r)(si + sa)]' = 0,(20) 

which is one of the main basis to determine the MRES 
and MFES in this section. When r = 1, one can obtain 
the relation of the entanglement of pure states and their 
critical noise parameters 

c-(W)^A^-(i.»^ 4^;^ii;:g, . (21) 

For the Bell state IV'^), the above equation gives the 
robustness TZ{\^p'^)) = 1 — l/-\/3, which is independent of 
the nonuniform parameter A. In this sense, our definition 
of robustness is reasonable. When A = 0, TZdip)) = 
1 — l/-\/2C(|V')) + 1, which is the result of the uniform 
channels given in [14]. In Fig. 2, we plot the relation of 
the robustness and the entanglement of the pure state. 
Under a fixed A, the robustness is a monotone increasing 
function of the entanglement. A nonmaximal entangled 
pure state becomes more fragile as A decreases. 



A. Robustness vs concurrence 

Because of the invariance of the depolarizing channels 
under local unitary (LU) transformations, the MRES for 
concurrence can be proved to be the pure states under 
the two-sided channels. According to the procedure given 
by Wootters [16], one can always obtain a decomposition 
{|0i)} minimizing the average concurrence in Eq. (4), 
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FIG. 3: (color online) The relation between the robustness 
and the concurrence of the MRES and MFES under dif- 
ferent nonuniform parameters, A — 0.75,0.5,0.25,0. The 
dots on the lines denote the quasi- MFES, whose parameters 
/3 = 0.1, 0.2, 0.3, 0.4, with the values of concurrence increasing 



Po = J2iti\4'i){4'i\, in which J^i^i = 1 '^nd all the ele- 
ments have the same value of concurrence as the mixed 
state pq. The elements are equivalent under LU trans- 
formation to the same state lib) 



10,) ^u^^^utW, 



(22) 



with the concurrence C{\^/j)) = C{po). After passage 
through a basis independent local channel $i (g) $2, the 
concurrence C[($i d) $2Mt){M = C[($i d $2)\ip){^\]- It 
then immediately follows, by convexity, that 



C[($l®$2)po] <C[($i(»$2)|^)(V'|] 



(23) 



which leaves us with the claim at the beginning of this 
paragraph. 

Similar with the case of the one-sided depolarizing 
channels, the MFES in the present case are also the states 
achieve the maximal concurrence for a given value of ro- 
bustness, which can be noticed in Fig. 3. From (15) and 
(20), we find, for a given pair of the critical noise para- 
ments si and S2, or equivalently the robustness TZ and 
the nonuniform parameter A, the MFES can be obtained 
applying the restraint 



1 

"=4 



1 + y/mi2/3- 1)13 + 1 



(24) 



on the ansatz states (6), where a = rcos^O G [0,1/2], 

/3 = rsin^ 6 £ [0, 1/2] and fl = When A = 1, 

J7 = 0, the restraint, a = 1/2, returns to the result of the 
one-sided channels in (16) and (17). 

For the uniform noise channels, where A = and ft — 
1, the MFES can be determined as 



Pmfes 



\[\m){m\^ 

r|V+)(^/'+| + (1 



|01)(01|], 
-r)|01)(01|. 



C < 1/2 , 
C> 1/2, 



(25) 



by using the relation in (24). In the first region where 
C < 1/2, the MFES reach the maximal entropy in the 



family of the ansatz states. In the other, when C > 1/2, 
the MFES are the states with the minimal negativity for 
a fixed concurrence [27]. 

When < A < 1, the MFES for the arbitrary depo- 
larizing channels is given by the simultaneous equations 
of (20) and (24), which is shown in Fig. 3 for some val- 
ues of A. It can be noticed that, the difference between 
the robustness of MRES and MFES decreases with the 
decrease in the nonuniform parameter A. When /? — 0, 
the concurrence C — >■ 0, the proportion of the entangled 
state in MFES approaches 1/2. 

Considering the absence of a brief expression of the 
MFES, we present a family of quasi-MFES. Namely, we 
replace the critical depolarizing parameter e [1/3,1] 
in (24) by its mean value 2/3, and obtain 17 — > = 

(2/3) -^-1-1 • ^® obviously, ri]A=o = 1 and ri]A=i — 
O.Thc positions of the quasi-MFES in the robustness- 
concurrence plane are shown in Fig. (3), which are very 
close to the MFES. Our numerical result shows, for a 
given /3, the fidelity of the quasi-MFES and the MFES 
F{pquasi-MFESi Pmfes) > 1 - 10"'' with F{pi,p2) = 
[Tr ( ^J~^fp\p2 \fp\) ] : which is supported by one million 
pairs of randomly generated quasi-MFES and MFES. 



B. Robustness vs negativity 

To determine the MRES and MFES for the negativity 
under the two-sided depolarizing channels, we derive the 
condition, 



dN_&P_ _ dNdV 
dr do do dr 



= 0, 



(26) 



where the negativity of an ansatz state reaches an ex- 
tremum for a fixed robustness. The form of the the 
MRES and MFES are given by the physically accepted 
solutions to the simultaneous equations of (20) and (26). 

When A = 0, one can check the two solutions = tt/A 
and r = 1, corresponding to the MRES and MFES 
respectively. In other words, under the uniform chan- 
nel, the MRES for the entanglement measurement neg- 
ativity are pmres = Pansatzir^ir/A), and the MFES 
Pmfes — Pansatz{^,0) are the pure states. The result is 
contrary to the concurrence case, where the pure states 
are the most robust, and Pansatzir^ir/ A) are the most 
fragile (when C > 1/2). The difference indicate the ro- 
bustness is influenced by both of the two measures of 
entanglement. The pure states, which are the MRES 
for concurrence, have the maximal negativity when the 
concurrence is fixed. They are also the states with a min- 
imal concurrence for a given negativity, and thus are the 
MFES for negativity. The states Pansatz{r,TT/4:) are the 
states having the minimal negativity for a fixed concur- 
rence, and also the states with maximal concurrence for 
a given negativity. Therefore, they appear to be more 
fragile than the other states with the same concurrence, 
but more robust than the other states with the same neg- 
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FIG. 4: (color online) Plots of the states p(r, 6) in the 
robustness-negativity planes with the MRES and MFES when 
the nonuniform parameters A = 0.5. The parameters r/6 
takes a set of discrete values in (a)/(b), which are labeled 
nearby the tangent points with the MRES /MFES. 
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FIG. 5: (color online) Relations of the parameters r and 9 for 
the MFES (a) and MRES (b) with different inhomogeneous 
parameters, A = 0.99, 0.75, 0.5, 0.25, 0. The robustness takes 
a set of regularly spaced values. 



ativity. 

It is impossible to derive an explicit expression of 
the solution to (20) and (26) for the arbitrary A e 
(0, 1). Thus we plot the ansatz states in the robustness- 
negativity plane for various values of the nonuniform pa- 
rameter A, one of which is shown in Fig. 4. One can 
notice that, the MRES can be expressed as the ansatz 
states with a constrain as 6 = 9{r), with r varying from 
to 1. And the constrain for MRES is r = r{9) , where 
the domain is 6* € [0, 7r/4]. Then we search the constrains 
by numerical computation, and plot them in Fig. 5. Ob- 
viously, the proportion of the entangled composition r in 
the MFES is always more than 3/4. The proportion ap- 
proaches 1, when the entanglement A/" — > 0. It increases 
with decrease in the nonuniform parameter A. Under a 
fixed A, the parameter 9 alters little when the robustness 
varies in a vary large region. It decreases to 7r/4 quickly, 
when the r approaches 1, and the robustness approaches 
the maximum 1 — 1/ VS. When A — >■ 1 , the domain of the 
robustness becomes a point TZ = I — 1/ VS, where r = 1 
and 9 varies from 7r/2 to 7r/4. 



V. CONCLUSION AND DISCUSSION 

In conclusion, we investigate the robustness of the en- 
tangled states in the two-qubit system, under the local 
depolarizing channels. The MRES and MFES are de- 



rived for a given amount of entanglement, measured by 
concurrence and negativity. Withe a numerical simula- 
tion, we find a family of ansatz states (6), which contain 
the MRES and MFES. The ansatz state is a mixture of 
two mutually orthogonal pure states, one of which is en- 
tangled and the other separable. 

Under the one-sided channels, the pure states are 
proved to be the MRES, for both the two entanglement 
measurements, by utilizing the factorization law for the 
evolution of concurrence given by [7] . A generalized fac- 
torization law is presented in (10) and (11). Based on 
this result, we classify the ansatz states by the values of 
robustness and derive the MRES for the two measures of 
entanglement. In the MRES for concurrence, the length 
of the Bloch vector for the first qubit under the noise 
reached its maximum, and the one for the free qubit is 
zero. 

Under the two-sided channels, for a given concurrence, 
the pure states are prove to be the most robust. For the 
uniform channel, the MFES are the states with the mini- 
mal negativity when C > 1/2, but the ansatz states with 
the maximal entropy when C < 1/2. The proportion of 
the entangled pure state the MFES approaches 1/2, when 
the concurrence C — >■ 0. In contrast, the MFES for the 
negativity under the same channels become a separable 
pure state when the entanglement approaches zero. In 
the uniform channel, the pure states are the most frag- 
ile for a fixed negativity. And the ansatz states with 
6* = 7r/4 are more robust than the other states with the 
same negativity. The reason to the difference between the 
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results for conciirrcncc and negativity is the fact that, the 
robustness is affected by both of the two entanglement 
measurements. In addition to the concurrence and the 
negativity, the degree of mixture is a possible factor af- 
fecting the robustness, as shown by the MFES in the 
uniform channel a given concurrence in [0, 1/2]. The lo- 
cal properties, such as the Bloch vectors of each qubit, 
present a significant affection on the robustness when the 
channel becomes nonuniform. 

Based the classification of the ansatz states under one- 
sided channels, it is easy to study the relation of the 
robustness and entanglement. Then, can the arbitrary 
two-qubit states be classified by robustness? The solu- 
tion to this question would leave us an explicit expression 
of robustness under one-sided channel. The evolution 
equations of entanglement given in [7] have been gen- 
eralized in many directions [8-11]. It is interesting to 
study robustness of entanglement in for multi-qubit or 
multi-qudit systems, as an application of the generalized 



evolution equations. On the other hand, the capacity of 
an entangled qubit pair in qiiantum information [18, 19] 
does not only depend on the amount of entanglement. It 
is necessary to investigate the robustness of the capacities 
in a specific quantum information process. Our scenario 
to derive the MRES or MFES when an analytic proof is 
absence can be applied directly to these topics. 
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